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o : 

, Basing on the canonical quantization of a BRS invariant Lagrangian, we construct holo- 

■ morphic representation of path integrals for Faddeev-Popov(FP) ghosts as well as for unphys- 

' ical degrees of the gauge field from covariant operator formalism. A thorough investigation 

C ' of a simple soluble gauge model with finite degrees will explain the metric structure of the 

I ^ , Fock space and constructions of path integrals for quantized gauge fields with FP ghosts. 

We define fermionic coherent states even for a Fock space equipped with indefinite metric to 
obtain path integral representations of a generating functional and an effective action. The 
same technique will also be developed for path integrals of unphysical degrees in the gauge 
, field to find complete correspondence, that insures cancellation of FP determinant, between 

• FP ghosts and unphysical components of the gauge field. As a byproduct, we obtain an 

^ ' explicit form of Kugo-Ojima projection, P'"', to the subspace with n-unphysical particles in 

terms of creation and annihilation operators for the abelian gauge theory. 

O . 

(N . 

' §1. Introduction 

o ■ 

, Path integral quantization of a system with local gauge invariance is beautifully 

' formulated by the Faddeev-Popov(FP) procedure. The characteristic feature of 

^ • systems with such symmetries is the presence of redundant gauge variant degrees 

Oh! of freedom required to maintain manifest gauge invariance and also other symme- 

tries such as space-time covariance. Abelian and non-abelian gauge theories will 
be typical examples of such systems. Physical contents of such theories can be ex- 
. ^ I tracted immediately if we choose some gauge fixing condition to be able to eliminate 

^ ' unphysical degrees of freedom at the cost of manifest covariance. The covariant 

. perturbation theory in terms of Feynman path integral for quantum gauge theories 

therefore involves this price to be paid. The FP procedure and its reinterpretation 
by the BRS invariant formulation of a path integral of such systems (BFV-BRS ap- 
proach)^)' play the role for this purpose. We shall call a path integral formulated 
in this way, including original one by FP, as a "conventional" path integral in this 
paper. An important remark on the conventional path integral of gauge theories is 
that the FP determinant appears in this formalism must be understood as the ab- 
solute value of the determinant because otherwise, in non-perturbative region of the 
field configuration, the positivity of a field dependent functional determinant is not 
guaranteed.^) Therefore a path integral that involves the FP determinant without 
taking its absolute value may yield a meaningless result. 

However beautiful, there exist several open questions in the formalism of quan- 
tization by means of such prescription. Among them typical issue will be the Gribov 
ambiguities.^)"^) If we need to analyze gauge theory beyond perturbation, the van- 
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ishing or sign changes of the FP determinant will arise to result in obstructions for 
the formulation of the theory in terms of path integral. A prescription to modify 
the original FP path integral, concerning the locality of the gauge fixing factor and 
the compensating factor in the gauge space, was suggested to recast the Gribov 
complication to the breaking of one to one correspondence between the gauge pa- 
rameter and the variable of the functional integration of the normalization factor for 
a path integral;^^ but essential solution seems to be still far away from our current 
knowledge about formulating gauge theories. 

Some alternatives for FP path integral have been proposed by a few authors. 
In Ref. 10), Kashiwa and Sakamoto formulated path integrals from operator for- 
malism on the reduced phase space for physical degrees then performed c-number 
gauge transformations under a path integral with the aid of identities with respect 
to delta functions or Gaussian integrations to find manifestly covariant path inte- 
grals. On the other hand, in Ref. 11), Arisue, Fujiwara, Inoue and Ogawa dealt 
with the resolution of unity for vector space equipped with indefinite metric as a 
fundamental ingredient. Then a path integral based on the canonical formalism in 
the Feynman gauge for electromagnetic field was derived. There seems to have been 
a disagreement between the results of Ref. 10) and Ref. 11) concerning the domain 
of integration with respect to the time component of the vector field. 

In addition to these attempts, another approach for constructing path integrals 
within canonical formalism for systems with gauge invariance have been proposed 
by others. -'"^^"''"^^ In Ref. 12), the authors made use of projection to the physical sub- 
space, since naive application of Faddccv-Scnjanovic(FS) formula-*^^) had seemed to 
fail to yield a well-defined path integral for some Hamiltonian systems with first class 
constraints on compact phase spaces. The others assert that the projection method 
provides a prescription to formulate path integrals avoiding the Gribov problem since 
it does not rely on any gauge fixing condition. ^^^'^"^^ The feature of the projection 
method being free from gauge fixing will also help us to sidestep on the use of path 
integral with FP ghosts. Therefore it will be best to formulate path integrals for sys- 
tems with gauge symmetry in terms of the projection method if it can maintain the 
space-time covariance entirely, because the connection to the operator formalism is 
very clear in this method. As far as the present author knows, however, there seems 
to be no satisfactory prescription for dealing with situations we meet in quantization 
of gauge theories with a covariant gauge conditions within this formalism. Hence it 
will be difficult for the projection method to keep covariance manifest. 

Another issue to be asked on the FP path integral may be the precise definition 
of the path integral over ghost fermions. The original definition of the ghost fermions 
is given by a formal path integral representation of a functional determinant. If we 
adopt covariant type gauge fixing, we will find a second order Lagrangian for the 
path integral of ghost fermions. As is well-known, however, from coherent state 
path integral, that is formulated basing upon canonical formalism, for usual physical 
fermions, ^'''^ there does not seem to exist any room for such Lagrangian in the 
action of path integrals for fermions. Furthermore, the boundary condition for such 
fermion path integral is not clear from the formal definition as a determinant. From 
very definition, it may be naively expected to integrate whole of fermion variables 
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including those at both initial and final boundaries of a Feynman kernel, otherwise 
the fermion path integral becomes a kernel that contains wave function factor for 
ghosts instead of yielding a determinant. Even so it is still unclear if we should 
integrate a Feynman kernel with periodic or anti-periodic boundary condition. From 
the BRS invariance point of view, it may be natural to expect the periodic boundary 
conditions on all fields. This immediately conflicts with the anti-periodic one 
for the determinant from path integrals of usual fermions.^^^ If it requires any 
boundary conditions other than the familiar anti-periodic one, the path integral of 
ghost fermions then differs significantly from the usual trace formula. In this sense 
the issue itself shall be interesting as a subject of path integral technique. These 
problems were solved by Kashiwa^'^^ by constructing a path integral of FP ghosts 
in the field diagonal representation. He also clarified the relation of Kugo-Ojima's 
quartet mechanism^^^ and the Gaussian identity in the path integral. There may 
remain, however, a room for considering alternatives for the path integral given by 
Ref. 20) in terms of another representation. 

Our main purpose in this article is therefore to formulate a path integral of 
ghost fermions as well as the corresponding one of unphysical degrees of the gauge 
field in a unified manner without making use of FP prescription. To achieve this we 
introduce coherent states for these unphysical variables. We shall try such procedure 
working with a simple gauge invariant model in the BRS invariant treatment. In 
the next section we explain our model and its quantization on representation spaces 
with indefinite metric. Canonical quantization and path integral representation for 
ghost fermions in terms of coherent states will be investigated in section |S1 in de- 
tail. In section |1] we generalize the method of coherent state to include unphysical 
degrees of the gauge field. Generating functionals and effective actions both for 
FP ghosts and unphysical degrees of the gauge field will then be evaluated in sec- 
tion [5J Our construction of coherent states and their use in gauge model requires 
complete analysis of the vector space on which we formulate the quantum theory of 
the model. Performing such a detailed investigation brings us a nice understand- 
ing of BRS quartet^^) and Kugo-Ojima projection. We will show an explicit form 
of Kugo-Ojima projection expressed as an integration to yield a projection to an 
eigenspace of a number operator. This will be given in section |S1 Application to 
the quantization of a free gauge field will be then shortly discussed in section |7| We 
will confirm there the applicability and reliability of our method by observing that 
our prescription reproduces zeroth order results for covariant perturbation of the 
quantized gauge field. Considerations on the relation of the results of Ref. 10) and 
Ref. 11) will be made in section |H1 by comparing our prescription in this paper with 
the standard "Euclidean Technique" . 

§2. Simple models for the quantized gauge field 

In quantization of a free gauge field, considerations on the following two La- 
grangian systems are quite useful. For a fixed 3-dimensional vector k ^ 0, we take 
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a Lagrangian 

Lphys = - \k'A\ k = |fc|, fc • A = (2-1) 
as a model for physical variables and 

^2 . 

-^^unphys ~ ~2^^ ~ ^^'^-^ 

for unphysical degrees. The former for physical variables is understood as a model for 
quantization in the Coulomb gauge while the latter represents gauge variant degrees. 
This can be seen by observing that the Lagrangian Eq. (|2-2|) has a gauge symmetry 
under a gauge transformation 

A^A + e, Aq^Aq + 9 (2-3) 

while there exists no such symmetry in the Lagrangian Eq. (|2T|) . Note that, in 
the above Lagrangians, the zero-modes both in physical and unphysical degrees are 
excluded from our consideration. This corresponds to a regularization for infrared 
singularities in quantization of the massless gauge field. 

If we introduce two independent vectors es{k)[s = 1, 2) such that 

k ■ es{k) = 0, e,(fc) • e,/(fe) = 6ss', (2-4) 

the physical variables are parametrized as 

Ait) = qsit;k)e,{k) (2-5) 

s=l,2 

by two real variables qs{t; k){s = 1, 2). Then the Lagrangian becomes 

Vys= E Wsit''')-k^Qs{t;k)} (2-6) 

s=l,2 

to be found as a set of two symmetric harmonic oscillators. Hence the quantizations 
of physical variables are straightforward. We thus omit detailed description of this 
procedure and concentrate the quantization of unphysical degrees by writing ^unphys 
as L for brevity. 

§3. The BRS formalism 

In this section we consider canonical quantization of variables appear in the BRS 
Lagrangian obtained from Eq. ()2-2p by adding terms both for gauge fixing and ghost 
fermions. 

3.1. BRS invariant Lagrangian 

The BRS transforms of the original variables in Eq. (|2-2|) are given by 

SsAit) = c(t), SeAoit) = c(t), (3-1) 
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or by 

6BA{t) = cit)e, 5BAo{t) = c{t)e, (3-2) 
with a Grassmann parameter 9. Defining the BRS transform of the ghost c{t) to be 

SBc{t) = 0, (3-3) 

we can sec the nil-potency of the BRS transformation on these variables. Next we 
introduce the anti-ghost c{t) to satisfy 

dBc{t) = -iB{t). (3-4) 

Then 5BB{t) = ensures the nil-potency of the BRS transformation on all variables. 
Taking these into account, the gauge fixing part of the Lagrangian is defined by 

LGF+FP = ^5B{c(io + A;2^+|5)}, (3-5) 
for a covariant gauge condition 

Ao + k'^A + aB = 0. (3-6) 

The reason why we call this as a covariant condition will be made clear in the 
application of the present model to the gauge field in later sections. 
Explicitly, Lgf+fp is given by 

i^GF+FP = B{Ao + k'^A) + + ic{c + k'^c) (3-7) 

to yield a gauge fixed Lagrangian 

L = L + Lgf+fp = y (i - ^o)' + B{Ao + k^A) + ^B^ + ic(c + k^c). (3-8) 

Abelian nature of the symmetry under consideration allows us to separate this total 
Lagrangian into two parts, the Lagrangian Lq that describes unphysical degrees of 
the gauge field with the multiplier field B, given by 

Lg = y (i - ^o)' + BiAo + eA) + ^B\ (3-9) 
and the one Lpp for ghost fermions: 

L^P = ic{c + k'^c). (3-10) 
The BRS transform of each Lagrangian is given by 

6bLg = B{c + k^c) (3-11) 

and 

5bLf-p = -B{c + k'^c) (3-12) 

respectively to result in the BRS invariance of the whole Lagrangian L by their 
cancellation. 
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3.2. Coherent state path integral of ghost fermions 

If we take care the BRS invariance of the total system, integration by part on the 
kinetic term of the Lagrangian Lfp for FP ghosts(See section |1] for the consequence 
of this on the corresponding part in the Lagrangian for the gauge field) can be done 
to rewrite Lpp as 

Lfp = —ice + ik^cc. (3' 13) 

The corresponding Hamiltonian is then given by 

Hpp = ipcPc — ik^cc (3T4) 

in which pdPc) being the canonical conjugate of c(c). The canonical structure for 
the system in consideration is defined by the following Poisson brackets: 

{c,Pc} = {c,Pc} = I, {c,pc} = {c,pc} = {c,c} = {pcPc} = 0- (3-15) 
From equations of motion, we can set c{t), c{t), Pc{t) and Pc{t) as 



c{t) = -^{e-^^% + e'^'h*), c{t) = -^{e-''''d + e''''d*), 



Pc{t) = -J^ie-'^'d-e^'^'d*), p-cit) = J^{e-'H-e'H*). 



(3-16) 



Combining Eq. ()3-15() and Eq. (|3-16() together, we obtain Poisson brackets among 6, 
6*, d, and d*: 

{6(t),d*(t)} = l, {6*(i),d(t)} = -l, {b{t),b*{t)} = {d{t),d*{t)} = Q, 

{h{t)Mt)] = {b*{t),h*{t)] = {d{t),d{t)] = {d{t),d*{t)] = ^ ■ ^ 

in which h{t) = e-'^^b, 6*(t) = e'^'^b*, d{t) = e'^^^d and d*{t) = e'^^d*. 

Upon quantization we replace these Poisson brackets by the following anticom- 
mutators of Schrodinger operators: 

{b,d^} = i, {d,b^} = -i, others = (3-18) 

or the equal-time anticommutators for Heisenberg operators 

{b{t),Sit)} = i, {d{t),b^it)} = -i, others = 0. (3-19) 

To construct a representation of this algebra, let us introduce two sorts of number 
operator, Ni{i = 1, 2), by 

Ni = ibU, N2 = -iSb (3-20) 

to find 



[TVi, 6t] = h\ [NiJ] = -d, [Ni,b] = [iVi, Jt] = 0, (3-21) 
[N2, b] = -b, [N2, S] = d\ [N2, 6t] = [iV2, d] = 0. (3-22) 
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Apparently {iVi, , d} and {N2, d^ b} form their own closed algebra. Hence we 
obtain the following basis vectors of the representation space: 

Ni\{n2ni}) = ni\{n2ni}), m = 0, 1 {i = 1, 2) (3-23) 

where the order of nj in |{n2ni}) has meaning and the vacuum |{00}) is defined by 

6|{00}) = d\{00}) = 0, (3-24) 

upon which the rest of the basis arc generated as 

|{01}) = 6t|{00}), |{10}) = dt|{00}), |{11}) = dt6t||oo}). (3-25) 

We may naturally expect the vacuum |{00}) to have positive norm and to be nor- 
malized as 

({00}|{00}) = 1. (3-26) 

Then by writing the hermitian conjugation of a state vector without taking the 
metric into account as 

({nsnill = (|{n2ni}))t, (3-27) 
we find the norm of others given by 

({01}|{01}) = ({10}|{10}) = 0, ({11}|{11}) = -1. (3-28) 

Though one particle states, |{01}) and |{10}) are zero-normed, they have non-zero 
inner products with each other 

({01}|{10}) = i and ({10}|{01}) = -i (3-29) 

to yield off diagonal elements to the metric of this vector space. Taking this metric 
structure into account, we find the identity operator on this vector space given by 

1 = |{00})({00}| + ^|{01})({10}| - ^|{10})({01}| - |{11})({11}|. (3-30) 

If we introduce a conjugation defined by 

Knsni}) ^ ({n2ni}| = ({nsmjl^FP, t/fp = e^^'^^'+'^'^^'-'^y^ {fj-^ = 4p = r)Fp) 

(3-31) 

corresponding to the above metric structure, the identity operator can be expressed 
in a concise form by 

1= J2 I{^2ni})( {n2ni} |. (3-32) 

rii=0,l 

Note here that the conjugation introduced above generates the following transfor- 
mation on operators: 

(6, d) I— >■ ?7pp(6, d)fjFP = {id, —ib) (3-33) 
together with their hermitian conjugations. 
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We regard the representation space to be a Grassmann valued vector space in 
order to construct coherent states^^^ of the above fermions. Taking the algebra above 
into account, we define a coherent state 

10 = e^^^'^^-^'^^^^KOO}) = |{00}) - iesKOl}) +iei|{10}) +e26|{ll}) (3-34) 

to be a simultaneous eigenvector of b and d: 

m = ^i\^), d|0=6IO- (3-35) 

Taking hermitian conjugation of the above equations, we find that ¥ and d) have 
common left eigenvectors defined by 

(r I = ({oo}|e-fe*M,*rf-) = ({oo}| + - mmi + mm^i (3-36) 

to yield 

(riO) = e^(^i«2-«2«l). (3-37) 
The set of coherent states thus defined is complete: 

j d^C d^ee"*^^i^'~^25i)|^)(^*| = 1, (3-38) 

where use has been made of our convention of integration with respect to Grassmann 
numbers 

The order of variables in the measure will be important for integrations over Grass- 
mann numbers; Explicit definition of the measure in Eq. H3-38|) is given by 

d^e = dCi dil , d\ = dii d^2. (3-40) 
If we make use of another version of the dual vector to |^), given by 

(il = ({00}|e«^+«2*'^~=(r|r?FP, (3-41) 

the inner product Eq. (|3-37j) and the expression for the resolution of unity Eq. (|3-38j) 
given above are replaced by 

(il^') = e«'^' (3-42) 

and to 

I {dC dCf e-^'^\ei{i\ = 1, {di dCf = dCi dCi d^2 d^l (3-43) 

respectively. Though above two expressions of the resolution of unity are equivalent, 
it will be natural to use the latter because it reflects the metric structure and yields 
a Gaussian path integral below. Furthermore, it is this latter form that has an 
analogue in the quantization of unphysical degrees of gauge fields. We thus utilize the 
resolution of unity Eq. ()3-43() in the following to obtain a holomorphic representation 
of a path integral for ghost fermions. 
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Now we proceed to formulate a path integral for the system in terms of coherent 
states defined above. The Hamiltonian operator 

Hpp = ikipd - d)h) -k = k{NFP - 1), Nfp = N1 + N2 (3-44) 

for the quantum system is obtained by replacing canonical variables with correspond- 
ing operators: 

" ^ (6 + 6t), g=4=(rf" + d^), Pe = -i/f(d-dt), p,= ./f(6-6t) (3.45) 



2k' " V2k' " V 2^ ^' V 2 

in the classical one given by Eq. (|3-14p . A Feynman kernel for an imaginary time (3 
is defined by 

{iF\e-^^^^\^i) = lim (^^1 (1 - eHYvX e = ^. (3-46) 

Repeated use of the resolution of unity given by Eq. (|3-43|1 and the evaluation of the 
matrix element 

(1 - ei^Fp) |^(J - 1)) = exp {(1 - ek)$}m{j - 1) + ek] (3-47) 
will bring us a path integral formula 

n-l 



K{^p,i,-(5)=eP^ lim f \\{di{i) dC H)) 

n— >oo J 



i=l 

{n— 1 n I 

-Y.^HM{j) + (1 - ek)Y,i\mj - 1) > (3-48) 
i=i i=i J 

for the Euclidean kernel 

K{^F^^i;P) = {iF\e-''^^^\^i)- (3-49) 

Note that it is the expression in Eq. 1)3 -431) for the resolution of unity that brings a 
Gaussian path integral above even for the present system equipped with indefinite 
metric. 

Gaussian integrations are carried out by use of the standard technique for Grass- 
mann variables to yield 

7°° , (3-50) 

= exp (/?fe + e-^^^^^,). 

The validity of our construction of Euclidean path integral for FP ghosts can be 
checked by an observation 

hm e-^^K{^F,ii-l3) = 1 = (^^|{00})({00}|^,). (3-51) 

p^oo 

We thus formulated a holomorphic representation of path integral for ghost fermions. 
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§4. Path integral of unphysical degrees of the gauge field 

Our task in this section is to perform path integral of the Lagrangian 

Lg = -{A- Aof - BAo + eAB + -B (4-1) 

for unphysical components, A and of the gauge field and the multiplier field B. 
Here, a comment is in order. In the above Lagrangian, we have performed an integra- 
tion by parts for the term BAq in the original Lagrangian Eq. ()3-9() . It is necessary 
to preserve the BRS invariance of the Lagrangian because we have already done the 
same on the term ice in the FP ghost part. Changing ice to —ice requires addition of 
d{—icc)/dt which is a half of the BRS exact total derivative d{d Bi—icAo)} / dt. We 
must therefore add this total derivative to the total Lagrangian in order to maintain 
the BRS invariance. 

4.1. Canonical formulation for covariant gauge conditions 

Canonical momenta of the gauge and multiplier fields are given by 

P = k\A- Ao), Po = 0, Pb = -Ao (4-2) 

and the Hamiltonian for this system reads 

HG = ^P^ + AoP-k''AB-^B^ (4-3) 

where A and B are regarded as coordinate variables with their canonical conjugates 
P = —B and Pb = —Aq as a consequence of the Dirac-Bergmann prescription. 
By use of equations of motion, P can be always replaced by —B. Hence we have 
fundamental commutation relations 

[A{t), = i, [B{t), -Ao{t)] = i (4-4) 

as well as 

[A{t),Ao(.t)] = [A{t),B{t)] = [Ao{t),^{t)] = [B{t),^{t)] = (4-5) 
together with the Heisenberg equations 

A{t)-Ao{t)-B{t) = 0, (4-6) 

k^(A{t)-Ao{t))+B{t) = 0, (4-7) 

Ao + k'^A{t) + aB{t) = 0, (4-8) 
for quantization. As can be seen easily, B{t) obeys a free field equation: 

B + k'^B{t)=0 (4-9) 
while A{t) and AQ{t) in general involves dipole ghost and satisfy 



A{t) + k'^A{t) = (1 - a)B{t), Ao{t) + /c^io(t) = (1 - a)B{t). 



(4-10) 
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In order to accomplish the quantization of the system, we need to find a rep- 
resentation for the above algebra. To this aim, we first study formal solutions of 
the Heisenberg equations for A{t), Ao{t) and B{t) by making use of the quantum 
mechanical version of the formulation for quantizing vector fields with indefinite 
metric. ^^^^^^^ If we introduce Fourier transforms of Heisenberg operators by 

/oo 
dp{a{p)e-'P' + a\p)e'P'}, (4-11) 
-oo 

/oo 
dp{ao{p)e'^P' + dlip)e'P'}, (4-12) 
'OO 

/oo 
dp0{p)e~'P' + $Hp)e'^'}, (4-13) 
-oo 

equations of motion will be formally solved by putting 

a{p) = - ie{p) [dip" - k'W^^Am + (1 - a)5'{p' - fe2)||e*P*,i?(t)||} , (4-14) 

ao(p) = - ie{p) [5{p^ - A;2)||e^f*,io(t)|| + (1 - a)5' {p^ - k'W^''\h{t)\\\ , (4-15) 

m = - i9ip)S{p^ - k'W^\ mW (4-16) 

in which being the Wronskian of F{t) and G{t). 

As the most fundamental ingredient for the canonical formulation, we require 
the existence of the vacuum state |0) to fulfill 

a(p)|0) = ao(p)|0) =/3(p)|0) =0 (4-17) 

or equivalently 

iW(t)|0) = Ai^^\t)\0) = ^W(t)|0) = 0, (4-18) 
where positive and negative frequency parts of the Heisenberg operators are defined 
by 

(i(+)(t),4+)(t),5(+)(t))= / dp{a{p),ao{p)J{p))e-^P\ (4-19) 



and by 

= r'dpia\p),dlip)J\p))e'P\ (4-20) 



respectively. 

By making use of the equal-time commutators in Eq. H4-4p and Eq. ()4-5() , we can 
find the following commutation relations for the Fourier coefficients: 

[d{p),d\q)] =9{p)5{p -q)^ {6{p^ - k") - (1 - a)kH'{p^ - k")] , (4-21) 

[ao(p), 4(9)] = - e{p)5{p - q) {Sip" - k") + (1 - a)k'5'{p' - k")] , (4-22) 

[^(p),/3t(g)]=0, (4-23) 

[d{p);h\q)] =[/3(p),at(g)] = -e{p)5{p - q)5{p^ - k^), (4-24) 

[ao{p)JH.q)] = - [kp),&liQ)] = ike{p)5{p - q)d{p^ - k^), (4-25) 

[d{p),al{q)]=-[do{p),a^{q)]=-i{l-a)e{p)6{p-q)p6'{p^ -k^). (4-26) 
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These relations can be utilized for determination of arbitrary commutators of Heisen- 
berg operators and Green's functions. 

4.2. Coherent states for unphysical degrees of the gauge field 

We here define coherent states for unphysical degrees of the gauge field. To this 
aim, we rewrite Heisenberg operators in Eq. (|4-19j) as follows 

= -i=a(t), = 4|ao(t), = -i=b(t), (4-27) 



and their hermitian conjugates in Eq. (|4-2U|) as well to find the following equal-time 
commutation relations 

[Kt),^Ht)] = [ao(t),4(t)] = [a(t),4(t)] = 0, 

[a(t),bt(t)] = -l, Mt),h\t)]=ik 

from Eq. (|4-26j) . For constructing a representation of this algebra, it is convenient 
to introduce the following Heisenberg operators: 

B{t) = ^b{t), V{t) = '-{kk{t) + iaoit)), i>{t) = '-{kk{t) - iaoit)) (4-29) 

with their hermitian conjugates. By use of the commutation relations in Eq. ()4-28|) . 
we obtain 

[B{t),V\t)] = i, [V{t),B\t)] = -i, (4-30) 

as well as 

[m,i3\t)] = [m,v\t)] = [m,v{t)] = o (4-31) 

for B{t) and and their conjugates. As for the operator we can utilize the 

relation: 

'5{t) = -^{l + a)B{t) (4-32) 

by observation that equal-time commutators of ^(t) and ^^(t) with other operators 
vanish excepting 

[P(t),pt(i)] = -[f>(t),'DHt)] = (4-33) 

Note that the relation Eq. (|4-32|) can be also obtained directly by considering the 
Fourier transform of 

-ipaoip) + k'^a{p) = -af3{p) (4-34) 

which is a consequence of the equations of motion(Eq. (|4-8j) ). Inversion of the def- 
inition of the operators B{t) and T>{t) can be done to express original Heisenberg 
operators in terms of them if we also make a use of Eq. H4-32[) . We thus obtain 

Ait) = - ^ [^im + B^t)) + i{V(t) - Pt(t))| , 
Aoit) = - [^m) - B^it)) - z{V{t) + f)t(t))| , (4-35) 
m =^l\{B{t) + B\t)), h{t) = -^^{B{t)-B\t)). 
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As must be clear from definition, B{t) is essentially the positive frequency part of 
B{t) and hence BRS invariant. On the other hand, though the form of the definition 
is independent of a, the operator is a gauge dependent objects through the 
a-dependence of a(t) and ao(t). 

Interestingly, commutation relations above closely resemble the anticommutation 
relations Eq. (|3-18|) for ghost fermions. The similarity is not limited only to the 
algebra but also seen in the form of Hamiltonian for both systems. If we express the 
Hamiltonian Hq in terms of above operators by making use of Eq. (|4-35j) . we find 

fo=Hc,'+'-^kBHmt), ^^^^ 

Hg' =ik{B\t)V{t) - V\t)B{t)) + k. 

Combining this Hamiltonian together with that for ghost fermions, we see that total 
Hamiltonian for the system under consideration is expressed as 

H = ik{{B\t)V{t)-V\t)B{t)) + {h\t)d{t) - d){t)h{t))] + l^kB\t)B{t), (4-37) 

where d{t) and their hermitian conjugates designate Heisenberg operators for 
ghost fermions. The last term, proportional to 1 — a, in the Hamiltonian can be 
eliminated by shifting 'V{t) and its conjugate according to 

V{t)^V'{t)=V{t)-^-{l-a)B{t), f)^{t)^i>^'{t)=vHt)+'-{l-a)B\t) (4-38) 

to allow us to rewrite the total Hamiltonian as 

H = ik{{B\t)V'{t) - V^'{t)B{t)) + {b\t)d{t) - S{t)b{t))}. (4-39) 

Although the Hamiltonian becomes simple, the above shifts in ^'(t) and "D^it) also 
changes the commutation relation of them to 

m),'D\t)] ^ [V'{t),V^'{t)] = (4-40) 

This makes the construction of a representation complicated compared with the one 
given below. We thus take the a-dependent form the Hamiltonian as well as the 
commutators in Eq. H4-3U() and Eq. ()4-31|l . 

Observing the analogy in the algebra as well as in the structure of Hamiltonian 
between those of the gauge field and ghost fermions, we now construct the basis of 
the vector space on which the operators are represented. It will be easy to see that 
the operator Hq' in the Hamiltonian Hq, expressed here by Schrodinger operators, 
has eigenvectors defined by 

\[n2m]) = ^2=i'D^r^iB^r^0), |[00]) = |0), m, n2 = 0, 1,2, ... (4-41) 
to satisfy 

^c'lKni]) = A:(ni+n2 + l)|[n2ni]). (4-42) 
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Since taking hermitian conjugate changes the place of iB'^'D and —iVW to each other, 
their right eigenvectors will be also brought to the left ones of the other. Hence, for 
m, 71,2 = 0, 1, 2, ... , 

(KnillFc' = Km + 712 + l)([n2ni]|, {[n2m]\ = ^ (0|g"ip"^ (4-43) 

Vni!n2! 

An inner product of these eigenvectors is given by 

(KnillK'rii']) =i"^-"^5„,„,'<5„,„,.. (4-44) 

This determines the metric structure of the vector space under consideration. Then, 
to be consistent with this metric, we can construct an expression for the resolution 
of unity: 

oo 

|[n2ni])i"2-"MKHI = 1- (4-45) 

ni,n2=0 

Thus we have found that the vector space for representation of quantum theory of 
our model is again equipped with indefinite metric(See Eq. (|3-32|) ). Similar to the 
fermionic case, the inner product given above is brought to 

{ [n2ni] \[ni'n2]) = ^mm'^^nana' (4-46) 
by introducing a conjugate ([n2rii]| for |[n2rai]) defined by 

|[n2ni]) ^ ( Knil l = {[n2m]\fjG, m = e-(^'+*^')(^-^*)/2 {fj^^ = r){. = r^c). 

(4-47) 

The conjugation introduced above generates the following transformation on opera- 
tors: 

{B,T))^ rjl {B, V)fiG = {W, -iB) (4-48) 

together with their hermitian conjugations. In terms of the dual vectors defined 
above, we can rewrite the identity operator as 

oo 

|[n2ni])([nin2]| = 1. (4-49) 

n\,n2=f) 

The analogy between ghost fermions and unphysical components of the gauge 
field still continues to bring us the following definition of a coherent state: 

\z) = e*(^^^2-*^"i)|0), zi, Z2 G C. (4-50) 

It will be straightforward to see 

B\z) = zi\z), V\z) = Z2\z), (4-51) 

together with their hermitian conjugates. The inner product of these coherent states 
will be given by 

{z*\z') = e^(4^2'-4^i')^ = (4-52) 
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It would be beautiful if we were able to give some meaning to the integral 

^^^^ e-^("i"2-^2^^)|2)(z*|, {dzdz*f = d^{zi)d'^{zi)d^{z2)dQiz2) (4-53) 

as the analogue of the resolution of unity for ghost fermions given by Eq. (|3-38p . 
A possible way to make the above integral well-defined may be treating —iz2 and 
izf as complex conjugate to zi and Z2, respectively. But it is actually equivalent to 
replacing {z*\ by 

{z\ = (0|e"i*^+^5^ = {z*\riG (4-54) 

to yield 

' dz dz* \ ^ _t^, > , , . N 

e-^^\z){z\ = l. (4-55) 

The analogy thus terminates here; we find only one formula of resolution of unity 
in terms of coherent states for the case of the gauge field while two formulas were 
possible for ghost fermions. The reason for such difference is evident. In integrations 
with respect to Grassmann numbers, we can treat ^ and its conjugate entirely inde- 
pendent to allow us the change of variables such that (— i^2)^^i) ^ ('?i'^2) but this 
is not allowed for usual c-numbers. It will be, therefore, natural that we cannot find 
complete resemblance between bosonic and fermionic degrees. Rather, we should be 
surprised at the existence of a formula like Eq. H4-55() as an analogue of Eq. H3-43() . 

4.3. Coherent state path integral for unphysical degrees of the gauge field 

Acquiring the basic ingredient we now formulate a path integral for the Hamil- 
tonian Hq in terms of the coherent state. First, consider an infinitesimal version of 
the Euclidean kernel defined by 

{ z{j) \ (l - eHc) \z{j - 1)) = exp [z\j){l - ekh)z{j - 1) - ek^ , (4-56) 

where e = (3/n and 

Then repeated convolution of these infinitesimal kernels will bring us a discretized 
path integral 

n— 1 



{z,\e-^^o\^:) = e~^^ lim / 17 f ^^^^1^) 

n^oo J \ vr J 



X exp < 



i=l 

n-1 

Y^z^{j)z{j) + Y,^Hm - ^kh)z{j (4-58) 



This can be evaluated in a straightforward way to be 

{zF\e-^^°\zi) =eicp^-l3k + e-^^z'^p-i{l3)ziY (4-59) 
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where 

^« = (-(1 - 

Combining this result with Eq. ()3-5Up for ghost fermions, we obtain for the total 
Hamiltonian H = Hq + Hpp 

{zF^\e-^^\zj,^j) = exp{e-^^47(/3)^/ + e-'^'^Ui} > (4-61) 

where l^;,^) designates a direct product given by 

\z,^) = \z)(^\^). (4-62) 

Since 7(t) becomes unity for a = 1, we can see the complete correspondence between 
FP ghosts and unphysical degrees of the gauge field in the Feynman gauge. Indeed 
there exists a trivial symmetry, for a = 1, in the total Hamiltonian given by Eq. (|4-37() 
under exchanging the corresponding degrees between bosonic and fermionic part. It 
must be, however, rather artificial that the symmetry is restricted only to the Feyn- 
man gauge because a Feynman kernel is a gauge dependent object. If we calculate 
a trace of time evolution operator to remove the gauge dependence, we will find 

regardless of the value of gauge parameter a. Here we have adopted the periodic 
boundary condition^^-* for taking a trace of the time evolution operator. It will be 
interesting to see that we can generalize the periodic boundary condition for a trace 
formula to a twisted boundary condition in the following way 

'IV,(e-^^) ^ I (^^)' {d^dCf e-^'^-^'H^\e-''^\e''z,e''0 = 1 (4-64) 

without breaking the cancellation of determinants from both bosonic and fermionic 
Gaussian integrals. Taking a trace over unphysical degrees will not cause any effect 
on the physical partition function. Hence we are free to make any choice for bound- 
ary conditions for unphysical degrees. But the autonomy of unphysical degrees will 
be strongly restricted by other reason, such as space-time symmetry for example. 
Therefore if we require Lorentz covariance for the quantized gauge field the unphysi- 
cal degrees must obey the same boundary condition with physical ones. This returns 
to the unique choice of the boundary condition for FP ghosts because of the need for 
cancellation of Gaussian determinants. Hence the periodic boundary condition even 
for FP ghosts will be preferred in the calculation of a trace of a physical quantity. 

Another point that should be remarked on our definition of the trace formula 
is that, through the definitions of left eigenvectors of creation operators, we have 
already included the metric structure of the vector space under consideration. We 
have defined the coherent states to yield the resolution of unity, taking the metric 
structures into account, given by Eq. H3-3U|) or Eq. 1)3-32^ for FP ghosts and by 
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Eq. (|4-49|) for the gauge field. We may define an operator given by 

y {(^^ + i'D^){B - iV) + (6+ + iS){h - id)} 



t) = fjQripp = fj^ = exp 



(4-65) 



to find 

{z^\ = {\z,0)^f, = {z\e\v (4-66) 

and also 

fi\B,V,b,d)fi = {W,-iB,id,-ib). (4-67) 
Note here that A and Aq transform under the action of t) as 



nt 



rj 



Afj = A, fj^Aofi = -Aq. (4-68) 



By virtue of this relation, Aq becomes an hermitian-like operator on this indefinite 
metric vector space. Further, we see that multiplication of fjQ is just the conventional 
one for dealing with the negative-norm property of Aq in covariant quantization for 
electromagnetic field in Feynman gauge. 

Thus we understand that we need to multiply this operator to complete the 
hermitian conjugation on the vector space we are working with. We may call the 
operator defined by Eq. (|4-65|) as conjugating operator hereafter. Hermiticity of 
operators must also be defined to be consistent against this hermitian conjugation. It 
will be then clear that left eigenvectors of creation operators are indeed the hermitian 
conjugate to the right ones of annihilation operators. 

§5. Generating functional and effective action 

We will find the effective actions for FP ghosts and unphysical degrees of the 
gauge field by making use of coherent state path integral in this section. To this aim 
we first consider the generating functionals for these subsystems separately. Since 
the model we are working with is a toy model of the free gauge field, the effective 
action found in this analysis should have some analogue in the tree level calculation 
of usual formulation of the conventional path integral for the gauge field and hence 
expected to be trivial. However, it will be significant to confirm such fundamental 
aspects of the method under development to make it reliable. 

To begin with, for a finite imaginary time (3 = tp — tj, we consider a Feynman 
kernel of FP ghosts under the influence of external Grassmann fields r]^{t) and r]{t) 
defined by 



t2 

dt 

ti 



(5-1) 



in which b{t), d{t) and their conjugate designate Heisenberg operators for ghost 
fermions and coherent states are the left and right eigenvectors of the Heisenberg 
operators at t = tp and t = tj. The lower and upper limits of the integration in the 
exponent defined by T-product should be assumed to satisfy tp > t2 > ti > t[. 
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Dividing /3 into n pieces and making use of the resolution of unity Eq. (|3-43|) 
repeatedly, we obtain a path integral 

/n—l 
■'■ -■- 
1=1 

{n—l n 
j=i j=i 

X exp |-ef^77t(j)^(j - 1) - ^\j)a2r]{j) | , (5-2) 

where cj2 is the Pauli matrix. Here and in the following we will drop the constant 
=pA: in the Hamiltonians for FP ghosts and unphysical degrees of the gauge field 
because they cancel each other as was already stated. The Gaussian integration can 
be performed easily and we can take continuum limit to find 



Kie.){^F,tF;^i,ti) = exp{e-^'(*^-*^)«^«^} 

X exp I - ^dt dt' 9{t - t')e-''^^~^">'nHt)a2V{t') | , (5-3) 

where 6{t) is the step function. By taking limits tp, —tj — > oo and then —ti,t2 — > oo 
in this order, we can find a generating functional 



=({00}|Texp 



I {00}) 



(5-4) 



= exp!^- j°°dtdt' e(t - t')e-^^^-^'^'n\t)a2'n{t')^ . 
From the generating functional, we can read the propagator of FP ghosts 

({00}|T (6t(f ), dHt')) |{00}) = -e{t - t')e-^'(*-*') (° -Q^) . (5-5) 



If we put 



rf(t)^-^m.-m).n(t)^^(J^) (5.6) 

to render the external sources couple to c{t) and c{t), we will find a generating 
functional of connected Green's function given by 

W(^P)[i;,i;] = -- / dtdt'-AF{t-t'){mHt')-Htm')} (5-7) 
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in which AF{t) being the Feynman propagator 

1 f °° 1 
^F{t) = — dpo e-'P"'-, p'=pI + k\ (5-8) 

J— CO P 

We may write expectation values of c{t) and c{t) under the external sources as 

c{t) = 6W^^^\i},il}]/5i>{t), c{t) = 5W^^^\i),i)]/6il>{t), (5-9) 

where functional derivatives are defined by right action, to find that a Euclidean 
effective action of FP ghosts in the tree level is given by 

I'OO 

r^J^>[c,c]=c-'tij + c-ilj-W^^^^ =i dt {d{t)c{t) + k'^c{t)c{t)} . (5-10) 

J — oo 

Here and in the following we may often use a notation 

/•oo 

f-g^ dtf{t)g{t). (5-11) 



The Euclidean effective action in Eq. (|5-1()|) is translated into the corresponding one 
for a Minkowski(real) time t by inverse Wick rotation, t — > it; 

roo 

r^J^\c,c] > zr(^P)[c,c] = dt {tit)c{t) - k'^c{t)c{t)} (5-12) 

J — oo 

which is nothing but the classical action(times i) for the FP ghosts. We thus see the 
validity of our method of constructing Euclidean path integral in terms of coherent 
states for ghost fermions. 

In the same way we can calculate a generating functional for unphysical degrees 
of the gauge field by means of coherent state path integral. The process of calculation 
is quite familiar one hence we omit the detail but simply list some results below. The 
generating functional with Feynman's boundary condition is defined and given by 



T exp 



^dt (^|*^|)+(^t(t),pt(t))j(t) 
exp!^- j'^dtdt'eit - t')e~^(*~*')j"^(t)7(t - t>2j(*')} , 



I [00]) 



(5-13) 



where 7(t) is the one defined in Eq. (|4-6U|) . From the generating functional we read 
the propagator 

([ooiiT (8Ht% f •(«')) l[ooi> = -e(t - O.-'"-'-' (° (1 _ „) _ ^ 

(544) 

The existence of a component that is linear in t — t' in the propagator clearly exhibits 
the effect of dipole ghost in the unphysical degrees of the gauge field. 
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By putting 



1 



2k 
3 it) 



-^{J{t) + ikJoit)) + kJeit), —^{J{t) - ikJoit)) ) , 



/ 1 + a 
4fc 



{J{t)-ikJo{t))+kJBit) 



V 



k 



{J{t)+ikJo{t)) 



(5-15) 



to change the source term to J ■ A + Jq ■ Aq + Jb • 13 , we find a generating functional 
of connected Green's functions for unphysical components of the gauge field given 

by 

T^(^)[J, Jo, Js] = -- / dtdt' J^{t)DF{t-t')J{t'), J^{t) = {J{t),Jo{t),JB{t)), 

(5-16) 

in which the Feynman propagator Dpit) for the gauge field is defined by 



1 /""^ 

DF{t) = — j dpoe-'P^'DFipo), 



k^ 



Df(jPo) 



^<{l-(l-a)3^ 



-(1 - a) — 

-1 



-l + (l-a)4 
pZ 

Po 



-1 

-Po 
/ 



(5-17) 



where p"^ = Pq + k^. The effective action for unphysical degrees of the gauge field is 
then found to be 



rP[A,Ao,B] = A-J + Ao-Jo + B-Jb- W^^^ 
1 

'~2 



dt 



^k\iA{t) - Ao{t)f - 2iB{t)Ao{t) + 2k^A{t)B{t) + aB'^it)^ , 



where 



(5-18) 



(5-19) 



5J{t) ' ' 5Jo{t)' ^ ' 5JB{ty 

Again by inverse Wick rotation, we obtain the classical action for unphysical degrees 
of the gauge field 



(G) 



' [ dt^ {k^{A{t) - Ao{t))^ - 2B{t)Ao{t) + 2k'^A{t)B{t) + aB'^{t)\ 



(5-20) 



as an effective action of zeroth order calculation in the perturbative expansion. We 
thus confirmGd that Euclidean path integral for generating functional of FP ghosts 
and unphysical components of the gauge field in terms of coherent states constructed 
in preceding sections can reproduce classical actions for these variables in the leading 
order of perturbation theory. Hence we may regard our method to be reliable. 



Path Integral of the Gauge Field 



21 



§6. BRS quartet and Kugo-Ojima projection 

In this section we will classify the state vectors appear in the vector space of 
the representation for the quantum system under consideration. Then we will find 
an explicit form of the Kugo-Ojima projection in term of the field variables. From 
the BRS invariance of the Lagrangian there follows a conserved Noether charge(BRS 
charge) Qb given by 

Qb = P{t)c{t) - iB{t)ps{t) = -B(t)c{t) + B{t)d{t). (6-1) 

This can be expressed in terms of the creation and annihilation operators as 

Qb = kQB, Qb = i{Bh^ - M) (6-2) 

where we have employed the Schrodinger picture. Among basis vectors only the 
vacuum state 

|0) = |[00])®|{00}) (6-3) 

is classified as a BRS singlet because it has a positive norm and BRS invariant. 
Other state vectors, given by 

|[m2mi]{n2ni}) = |[m2mi]) |{n2ni}), mj = 0, 1, 2, . . . , = 0, 1, (6-4) 

have zero- norm excepting the diagonal ones, specified by 

|[mm]{nn}) (6-5) 

if mi -|- m2 + ni + n2 > 1. Though norms of basic vectors diagonal both within 
bosonic and fermionic sectors themselves do not vanish, they are arranged to have 
zero-norm in a pair wise manner within a BRS quartet^^^ as will be shown below. 

For a given pair of m and n(m, n = 0, 1,2, . . . ) we can see the following cyclic 
sequence of finding BRS-quartet. First, take |[mn]{10}) and make BRS transform 
by multiplying Qb obtain a BRS-exact state vector: 

QB\[mn]{lQ}) = ^/^\[m - ln]{ll}) + y/ n + l\[mn + l]{m}) . (6-6) 

It is then brought to its partner with respect to the inner product by a multiplication 
of 17, defined by Eq. H4-65() . 

fiQB\[mn]{l{}}) = i'"-""i(-V^|[nm- 1]{11}) + ^/n + l\[n + lm]{m})) . (6-7) 

BRS transform again on this vector will produces another BRS-exact vector given 
by 

QBfiQB\[mn]{l{)}) = i'^-"-^(m-hn-M)|[mn]{10}) (6-8) 
and finally conjugation again to find 

[mn]{10}) = (m + n + 1)| [mn]{10}) (6-9) 
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and close the cycle. We thus obtain the following cyclic diagram 

|[mn]{10}) ^/^\[m - ln]{ll}) + y/^r+l\[rnn + l]{m}) 

fi V (6-10) 

I [nm]{01}) < ^/m\ [nm - 1]{11}) + V^fTTT] [n + lm]{00}) 

Qb 

for a BRS quartet. From Eq. (|6-9|) . we are naturally lead to define another quantity, 
though it is not conserved in general, Qd by 

Qd = riQBfj = iiVd^ - V^d) (6-11) 

and to rewrite above BRS cyclic diagram as 



|[mn]{10}) ^|[m - ln]{ll}) + V^TFll [mn + 1]{00}) 



V 



(6-12) 



|[nm]{01}) > - ^/m\[nm - + V7rTT\[n + lm]{00}) 

Qd 

to be viewed as a cycle of BRS-inversion in a quartet. Here, the meaning of BRS- 
inversion will be clear from above diagrams. It will be interesting to see that BRS 
variant members of a BRS quartet are exact under the BRS-inversion hence zero- 
normed. 

Since a member of BRS quartet has its partner with respect to the inner prod- 
uct only within the same quartet, in which only two members are physical states 
satisfying 

QelPhys) = 0, (6-13) 

the BRS quartet spans a four dimensional subspace of the total vector space. A 
projection to this subspace may be expressed as 

Pmn = l-^mn) (^mnl + l^mn) i^^mnl + l^mn)(-^mnl + I ^mn ) (-^rmi I ' (6-14) 

where 

\A(J)=\[mn]{10}), 

\A(^l) = I vQB\[mn]{W}), 
\/m -|- n -|- 1 

1 (6-15) 
=^===QB|[mn]{10}), 
V w. -|- n -|- 1 

I^L^) =^^—QB^QB\{Tfin\{m. 
m -|- n -|- 1 

The total vector space under consideration is then decomposed into a direct sum of 
these subspaces in addition to the one dimensional really physical subspace spanned 
by the vacuum state. Hence we recognize that a sum of all Pmn given above is 
expressed as 

oo 

^ P„„ = 1- |0)(0|. (6-16) 

■m,n=0 
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If we partially sum P^-n iii the above entire summation by putting m + n + 1 = I 
with a positive integer I, we obtain a projection to a 41 dimensional subspace given 
by 

m+n+l=/ 

We thus obtain 

oo 

^PW = 1, P(0) = |0)(0|. (6-18) 
/=o 

Let us now give an explicit form of the projection P^^\ which is nothing but 
the Kugo-Ojima projection, in terms of the creation and annihilation operators 
introduced before. The Kugo-Ojima projection P^'^ for the system in consideration 
is given by 

pW = l-j^ exp|ie(iV-/)}, N = i\^{l3^f>-f>^13) + {Pd-M)Y (6-19) 

The proof will be quite simple because N is the operator that counts the total number 
of excitations in a state vector | [?7i2mi]{n2ni}) so that 

N\[m2mi]{n2ni}) = (mi + m2 + ni + ^2)! [m2mi]{n2ni}) (6-20) 

while m + n + 1 being the common eigenvalue of N on all members of a BRS quartet 
of which |[mn]{10}) being a member. It will be worth noting that the operator 
N introduced above is essentially the Hamiltonian for the total system given by 
Eq. (|4-37|1 . In particular, when we employ the Feynman gauge by choosing a = 1, 
the gauge parameter dependent part disappears from the Hamiltonian to result in 
H = kN. It holds, however, that two parts of the Hamiltonian Eq. (|4-37|) are 
expressed as a BRS transform separately for any gauge parameter a. Actually and 
indeed surprisingly, the operator N can be expressed by the anticommutator 

N = {Qb,Qd}. (6-21) 

Hence itself is BRS exact and BRS-inversion exact simultaneously. It is also true 
for the Hamiltonian for the Feynman gauge. The fact that N can be expressed in a 
BRS exact form explains the reason why Kugo-Ojima projection P*^') can be written 
as an anticommutator with i?^'^ by explicit construction(See Eq.(3.29) of Ref.^^^). 

An immediate application of the formula Eq. (|6-19j) for Kugo-Ojima projection 
will be found in the calculation of projection inserted Feynman kernel defined by 

K'^'\zf,^f;^i,^i;P) ^ {zF^\e-P^P^'\zi,^j). (6-22) 
By use of the formula Eq. (|H-19j) , the calculation of this kernel reduces to 

=e-'^''{z''Fl{fi)zi + iUi}\ 



(6-23) 
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because the existence of e*^^ causes changes to the path integral only in the shift of 
I3k to 13k + iO excepting the a dependent part. If we apply the same technique to 
the calculation of trace formula Eq. (|4-6H|) . we will obtain 



X exp 6"^''+*^ 

--— / dOe-^'' 
2-K 



{zt7(/3)z + ^t^} 



(6-24) 







3/0 



to observe that only the vacuum state can contribute to the partition function. On 
the other hand, we may perform the integration with respect to 9 ahead, that is 
equivalent to insert the projection p(') in the form given by Eq. H6-17() . to find 

= 6-'^^/ (^)' {dide?e-'^-^'^{zm(i)z + ei}' ■ (6-25) 

For this case Z*^') = 0(/ > 1) must be checked term by term. This clearly exhibits 
the usefulness of the formula Eq. (|6-19() : The set of infinitely many identities in 
Eq. (|6-24|) as a consequence of the BRS invariance must be checked directly for each 
/ = 0, 1,2, ... if we do not have the expression of P(') in Eq. (IHTll . Therefore 
it should be stressed again that the knowledge of the explicit form of Kugo-Ojima 
projection, that is having the formula given by Eq. (|6-19j) in hand, is quite significant. 



§7. Application to the free gauge field 



Having completed the thorough study of the toy model, let us consider the 
application of our technique developed in preceding sections to quantum theory of 
the abelian gauge field. We first rewrite the Lagrangian for a free gauge field 

Cq{x) = --^F^,{x)F^'^{x), F^,{x) = d^A,{x) - d^A^{x) (7-1) 

by parameterizing spatial components as 

A{x) = -VA{x) + At(x), V • At(x) = (7-2) 

to find 

= \ {V(i(x) - A,{x))Y + \a%{x) - i(V X At(x))2. (7-3) 

Clearly the second term together with the third one in this Lagrangian describes two 
physical degrees of the abelian gauge field in the Coulomb gauge and its properties 
including quantum theory on a Fock space with positive definite metric are quite 
well-known. Therefore our target in this section is the first term. Let us write it as 

Co'{x) = l{viA{x)-Ao{x))y (7-4) 



Path Integral of the Gauge Field 



25 



and make an investigation on the quantization of this Lagrangian with a covariant 
gauge condition 

Ao{x)-V'^A{x)+aB{x) = (7-5) 

in which Nakanishi-Lautrup'^^'' field B(x) has been introduced. Although we are deal- 
ing with this covariant type gauge condition, the space-time covariance has already 
been lost by the decomposition of the original Lagrangian into two non-covariant 
parts. The covariance will, however, be restored if we recombine them together after 
quantization by explicit calculation of an effective action for entire system. Hence 
we discard the absence of space-time covariance in the subsystem we are working 
with for a while. 

We introduce gauge fixing and FP ghosts according to the BRS formalism by 
adding 

£gf+fp(x) = iSb [cix)iAoix) - V^A{x) + aB\x)/2)^ (7-6) 
to C'{x) to find 

£(x) = Ccix) + Cfp{x), 

Ccix) = Co'ix) - B{x)Ao{x) + VB{x) ■ VA{x) + ^B^ix), (7-7) 

^Fp{x) = —id^c{x)d'^''c{x). 

From variation of this Lagrangian we can immediately obtain equations of motion 
for field variables. As is naturally expected, unphysical degrees of the gauge field 
A{x) and Aq{x) satisfy 

nA{x) ={l-a)B{x), (7-8) 
BAoix) ={1- a)B{x), (7-9) 

while B{x), c{x) and c{x) are obeying massless free field equations 

nB{x) = □c(x) = □c(x) = 0. (7-10) 

We thus quantize FP ghost and anti-ghost as free fields in a quite similar manner as 
has been done for c{t) and c(t) in the subsection 13.21 for each Fourier components in 



2^ 



(7-11) 



d'^k 
V^(27r)32|fe| 

with the following anticommutation relations 

{b{p),S{Q)} = i^Hp-Q), {bHp),d{q)} = -i6Hp-q), others = 0, (7-12) 
together with the Hamiltonian 

Hfp = Jd^k \k\ ^i{b^k)d{k) - d^k)b{k)) - l} . (7-13) 



26 



Seiji Sakoda 



According to the first-ordered nature of the kinetic part for Aq[x) and B{x), we 
meet two second class constraints in obtaining the Hamiltonian. We treat them in 
the similar way as we have done for the toy model to find 

ncix) = -Hix) (^^(x)) - ^(x)io(x) - VB{x) ■ Vi(x) - ^B^ix) (7-14) 

from Cq. Here a comment will be in order. In Eq. (|7-14|) . there appears the inverse 
of the Laplacian that is usually defined by 

-^(x,y) = —-, r (7-15 

hence causes non-locality and behaves singular at x = y but we must remember 
that our initial Lagrangian Cq' does not includes the zero-modes of A{x) and Aq{x) 
from very definition. Hence we should understand it by a regularized one, with an 
infrared cut off parameter e, given explicitly in Fourier expansion by 



ikx 



in which e as the lower limit of integration designates the condition \k\ > e. We may 
also need this cut off prescription when defining creation and annihilation operators 
for fields under consideration in the following. As was already stated in section |21 
we also need the same regularization for physical variables because zero-modes of 
massless fields cannot be quantized in a Fock space. Hence above prescription^^) for 
infrared problem applies to both physical and unphysical degrees of the gauge field. 
Keeping these in mind, we consider Hamiltonian 



Hg = jd^xHoix) (7-17) 
with the following equal-time commutators 

[A{xQ,x),-B{xo,y)] = [Ao{xQ,x),B{xo,y)] =i6^{x-y), others = 0. (7-18) 

Heisenberg equations obtained from the Hamiltonian Hq is identical to the Euler- 
Lagrange equation and reduces, by Fourier transform, to the one we have studied in 
subsection 14.11 Hence we put 

io(x; e)=J ^^^^y,^^^^ {aop(xo; e)e^P- + 4^{xo; e)e-P-} , (7-19) 
B{x-e)=j {Mxo;6)e^P- + bt,(xo;6)e-P-}, 
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to find the following equal-time commutation relations of creation and annihilation 
operators 

[ap(xo; e),a\{xo; e)] =i^r^S^{P - q), 



[aop(xo; e), aJq(xo; e)] = —6, {p - q), 

"i s (7-20) 

[ap(a;o;e),b^(xo;e)] = - q), 

[aop{xo;e),hl{xo;e)] =i\p\6'^{p - q), 

[ap(xo;e),aJq(xo;e)] =0, 

where 5^ {p — q) is a delta function accompanied with a step function to achieve the 
above mentioned regularization:-^^) 

6^^(p-q)^e{\p\-e)6^{p-q). (7-21) 

We then define following operators and their hermitian conjugates 

1 . . 1 

Seixo,p) = --bp(xo;e), 'D^{xo,p) = - {i\p\ap(xo;e) -aop(xo;e)} (7-22) 

together with 

n 1 i - 

V^{xq,p) = -{i\p\kp{xQ\e) +aop(xo;e)} = --(1 + a)Be{xo.,p) (7-23) 

as the analogue of Eq. and Eq. (g^H)- 

Inversion of Eq. (|7-22|) for finite e with the aid of Eq. (|7-23jl bring us 

ap(xo; ^) = ~ |~| {^—^^^{xo,p) + ii'e{xQ,p)^ , 

aop{xo; e)=-i (^^^^^B^{xq,p) - i'D^{xo,p)^ , 

bp(xo;e) =\p\B^{xo,p). 

Then we are able to rewrite A{x; e), Aq{x; e) and 13{x; e) in terms of these creation 
and annihilation operators. We thus obtain, by putting e — > +0 after all calculation, 
that the Hamiltonian Hq can be expressed as 



Hg= Jd''p\p\!^i(^B\xo,p)T){xo,p)-V\xo,p)B{xo,p)) +1 
+^BHxo,p)B{xo,p)Y 



(7-25) 



Combining this together with that of FP ghosts, we finally obtain the Hamiltonian 
for whole system, given by 



H= d'p \p\ i (b\p)V{p) - V\p)B{p)) + i{b\p)d{p) - d){p)h{p)) 

(7-26) 



-l-^B\p)B{p) 
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in which we have made use of operators in Schrodinger picture. The observation 
here is that we can regard the system of unphysical degrees of the gauge field with 
FP ghosts under a covariant gauge condition as a collection of infinitely many copies 
of the system we studied in the preceding sections through the toy model. Hence we 
already know the structure, including its metric, of the Fock space equipped with 
this system and how to define coherent states for constructing a path integral in 
terms of them. We may, therefore, list here main results obtained in this study: 

1. The Fock space is spanned by state vectors given by 

JJ I [m2mi]{n2ni}; k), mj = 0, 1, 2, . . . , nj = 0, 1 for each k. 

2. The conjugation operator defined in Eq. (|4-65|) is generalized to 



(7-27) 



rj 



n exp t [{B^k) + iV\k)){B{k) - iV(k))} 



X exp 



iir 



{Pik)+iS{k)){bik)-id{k)) 



(7-28) 



which brings above basic vectors to their conjugates with respect to the inner 
product. 

3. A coherent state, that is a simultaneous eigenvector of annihilation operators 
B(k), T>{k), b{k) and d{k) for all fc, can be defined by 



|{^,^})^n«^P [i{{B\k)z^{k) +V\k)z2{k))} 



k^O 
X 



exp [i[ib\k)Uk) + d\k)^2ik))}] |0). 



(7-29) 



4. Left eigenvectors of creation operators are obtained by usual hermitian conju- 
gation followed by a multiplication of the conjugation operator: 

({Z,^}| = (|{;^,^}))t^ 



to yield an inner product 

{{z^\{z',a) = exp 

5. The set of coherent states gives a resolution of unity 
' ( dz{k)dz*{ky ^ 



d^k {zt(jb)2'(fc)+^t(fc)^/(fc)| 



(7-30) 
(7-31) 



n 

k^O 



vr 



{dmde{k)Y 



X exp 



d^k |zt(fc)z(fc) + |t(fc)^(fc)| 



(7-32) 



6. Only the vacuum specified by 

|0)^ni[00]{00};fc) 

k^O 

can be a positive normed physical state, i.e. BRS singlet. 



(7-33) 
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7. The normalized BRS charge is given by 



(7-34) 



and accompanied with another operator, that is conserved only in the Feynman 
gauge, Qd = flQBfj that generates the BRS-inversion and is given by 



Q^= fd^ki^'D{k)d^{k) -V^{k)d{k)^ 



(7-35) 

8. BRS variant member of a BRS quartet is a partner state of BRS exact member 
and is BRS-inversion exact. In other word, BRS daughter state is BRS-inversion 
parent state. 

9. An operator that counts total number of excitations in all BRS quartet is found 
to be 

N = jd^p [i(b\p)V{p) -V\p)B{p)) +i{h\p)d{p) - d\p)h{p^^^ (7-36) 
Another expression for this operator is given by 



N = {Qb,Qd}. 
10. Kugo-Ojima projection is constructed explicitly as 

1 



p{n) 



27r 



2tt 



d0e*^(^-"), n = 0, 1, 2, 



(7-37) 



(7-38) 



It can be expressed in terms of coherent states as 



27r 



2tt 



de e 



X exp 



-ind 



d^k 



(dz{k)dz*{k] 



n 

[z\k)z{k)+$}{k)i{k)} 



{dmdC{k)f 



\{e^'z,e^'i}){{z,^}\. 



(7-39) 

Besides these fundamental properties, we should confirm the usefulness and reli- 
ability of our method of constructing a path integral by means of coherent states. As 
will be expected from the facts we have seen in this section, generating functionals, 
Eq. (|5-7|) for FP ghost and Eq. H5-16() for unphysical degrees of the gauge field, can be 
immediately generalized to the current case: generating functionals for the system 
under consideration is defined by inserting sources fi{x), r]{x), J{x), Jo{x) and Jb{x) 
against c(x), c{x), A{x), ^0(2;) and B{x) in the same manner as has been done in 
section 13 to be evaluated as 

VF(FP)[r^,T/t] = -1 jd^xd^x'^AF{x-x'){fj{x)rj{x')-ri{x)fj{x')} , (7-40) 

Ty(G)[J,Jo,JB] = -^ jd^xd^x' j''{x)Df\x-x')J{x'), ^^^^^ 
J^(x) = (J(x),Jo(x),Jb(x)), 
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in which propagators, — zZ\_p(x) for FP ghosts and Dp (x) for the gauge field, are 
defined by 



-iApix) 



-tpx 



(27r)4 p2 ' 

(2^)4 e {P}^ 



bf\p) 



-1 



v 



-(1-a) — 

-1 



Po / 



(7-42) 



where p^ = Pq+P^- The generating functional for FP ghosts given by Eq. (|7-4Up 
will be immediately brought to its corresponding effective action 

^) = Jd'^xid^c{x)d^c{x) -^^^^ ir^^p) = i ja'^x {-id^c{x)d^'c{x)] (7-43) 

to yield the classical action of FP ghosts in the Minkowski space-time. We must 
next combine generating functional for unphysical part of the gauge field with the 
one from physical degrees. To this aim we rearrange external sources for A^^{x) 
to be jf_i{x). Since Jo{x)A^{x) is already included, we just set jo{x) = Jo{x) and 
concentrate on the spatial components —j{x) ■ A{x). From our definition, this term 
is rewritten as 



-j{x) ■ A{x) = -(V • j(x))i(x) - j{x) ■ At{x). 



(7-44) 



Hence we put J(x) = —V • j{x) in Eq. H7-41() and combine it with the contribution 
from physical degrees, given by 

= _i jd^xd^x' f{x)D^p{x - x')j{x'), (7-45) 



where Dp {x — x') is defined by 



PP 

p2 



Thus total generating functional for the gauge field is obtained as 
W[3^,, Jb] =VF(G)[j^, Jb] + W^^^j] 



d^x d^x' J^{x)dP (x - x') J(x') 



(7-46) 



(7-47) 
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in which J'^{x) = (jf^(x), jo(x), Jb{x)) and the propagator is given by 





-h 




— a) 


-i(i- 


\P 
- a)- 


V - 


■ T 

-ip 



T 

PP 

POP^ 
p2 



-id 



a 



.POP 



-1+(1 



a 



-Po 
/ 



(7-48) 



If we perform the inverse Wick rotation, xq — > ixq, xq ixq' in Eq. H7-47() in 
addition to pq —ipo in the propagator in Eq. H7-48() . we can immediately find that 
the Euchdean generating functional given by Eq. H7-47j) yields the corresponding one 
for the abelian gauge field with a covariant gauge condition in Minkowski space-time. 
The Euclidean effective action for the gauge field is also found from Eq. (|7-47|) to be 



d'^x ^ {(iA(x) + VAo{x)f - (V x A{x)) 
2iB{x)Ao + 2B{x)V ■ A{x) + aB^{x)^ 



(7-49) 



which can be translated into Minkowski effective action by inverse Wick rotation: 



Fe ^™L^ iF =i jd^x ^ {(A(x) + VAo{x)f - (V X A(x)) 
-2B{x)Ao + 2B{x)V ■ A{x) + aB'^{x)^ . 



(7-50) 



Hence restoration of Lorentz covariance is evident. We thus confirmed that our 
prescription for constructing a path integral of a free gauge field from manifestly 
covariant operator formalism in terms of coherent states works quite fine to pro- 
vide essential ingredients for perturbative expansion in its zeroth order in entirely 
covariant manner. 



§8. Field diagonal representation 



Our considerations has been so far restricted to the construction and its use of 
the coherent state for unphysical degrees of a gauge field in a unified manner with 
those for FP ghosts. As for ghost fermions, there is a path integral in terms of field 
eigenvectors. ^'^^ It will be, therefore, beautiful if we can formulate a path integral 
in terms of eigenvectors of field operators and their canonical conjugates in entirely 
covariant way. To discuss such problem as a whole is, however, beyond the scope of 
this paper. We here consider a field diagonal representation only for the Feynman 
gauge to fill the discrepancy of the results in Ref. 10) and Ref. 11). 

In the covariant path integral for the gauge field of Ref. 10), ^0(^4) is treated 
as an auxiliary field that disappears once from the formulation but comes back into 
the path integral by use of the Gaussian identity. The technique utilized there is 
the one for functional analysis on a Hilbert space with positive definite metric. On 
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the other hand, the basic ingredient of the construction in Ref. 11) is the use of 
eigenvector of defined on a representation space with indefinite metric. So let us 
reconsider the prescription of Ref. 11) from the viewpoint of our standpoint in this 
paper. 

Returning back to the toy model again and putting here a = 1 to restrict 
ourselves to the Feynman gauge, let us consider an operator 



(8-1) 



in which ranges of integrations with respect to and together with the normal- 
ization factor C should be determined so that integrations with respect to q and go 
of above introduced operator yield an expression of the resolution of unity. Note 
that the construction of such an expression in terms of Schrodinger operators will 
be immediately translated to that of Heisenberg operators. Making use of relations 
A, Aq and B with the creation and annihilation operators B, T>, and T>^ , we can 
easily obtain 



^2 



3(2vr)2 



ilJ.{A-q)-}-v{Ao-iqo)\^t\ 



TT 



exp 



-k'lq 



/2fc3 V 2 



+ izi) — i{z{ — iz2\ 



X exp 



i-2) 



for an arbitrary pair of coherent states. From this calculation, we read 



dq dqo 



' dfj, dv 



{z\e 



ifi{A-q)+v{Ao-iqo) | l\ 



(8-3) 



which implies 



/oo 
dqdqo |g,go)(g,go| = 1, 
-oo 

\q,qo){q,qo\ -- 



(^^^ ilj,{^A~q)+v{Ao-iqo) 

,(27r)2 



(8-4) 
(8-5) 



To find the explicit form of the eigenvector |g, qo) and its conjugate, we calculate the 
projection \q-,qo){q,q{j\ defined above by 



/(^)^ ( 



dz' dz* 



l\ 2 



TT 



-z^ z—z^' z' 



z){z\q, qQ){q,qQ\z'){d_\ 



(8-6) 
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It is straightforward to obtain 

2 



(8-7) 



X exp 

and its conjugate 
k 



-^{kq - qo)B^ + iV2k{kq + qo)V^ - + 



|0) 



(9,90 1 



X (0| exp 



-n/ - (?o)^ - ^{kq + q^)B + - 



(8-8) 



Thus we have found a simultaneous eigenvectors of A and because they satisfy 

(8-9) 

(g,go|^ = g(g,go|, (g,go|^o = igo(g,go| 

by definition. It is easy to see that an inner product of these eigenvectors are given 
by 

(g,gok', g'o) = 5(g - gO'^C^o - g'o)- (8-10) 

Turning now to the eigenvectors of canonical conjugates to A and Aq^ we may 
examine 

^d^dzye^(^"P)+^(^«-P«) (8-11) 



in the same way we have done above. It will immediately fail, however, to yield 
simultaneous eigenvectors of P and Pq because they are expressed solely by B and 
iS^ hence no Gaussian normalization, which was found for A and Aq as is seen in 
Eq. ()8-2|) . will be available. We can overcome this difficulty by introducing 77 = 
P + fe^Ag and 77o = — Pq ~ l^ A instead of P and Pq to observe 



1, 



|p,Po)(p,Po| 



{p,Po\p,p'o) = S{p - p')5{pq - p'o). 



and the inner products 



Jpq+ipoqa 



27r 



, {p,Po\q,Qo) 



-ipq-tpoqo 



27r 



•12) 

•13) 
•14) 

•15) 
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as well. Similar to the eigenvectors of A and Aq above, we have 

n\p,po) =p\p,Po), no\p,Po) =ipo\p,po), 
{p,Po\n = p{p,Po\, {p,Po\no = ipo{p,Po\- 



•16) 



It should be noted here that our definition of these eigenvectors is precisely same 
as the one in Ref. 11) excepting that we accept eigenvalues of Aq and TTq being 
pure imaginary. This causes an artificial contradiction to the hermiticity of these 
operators. But we must take the metric into account in considering hermiticity of 
operators on the indefinite metric vector space. Indeed, spectral representations of 
these operators satisfy 



dq dqoiqo\q,qo){q,qQ\ fjc = A, 



oo 
oo 



t 



dp dpo ipo \p,Pq) {p,Po\ ijc = Uq. 



•17) 



If we put a = 1 for the Feynman gauge in Eq. (|4^3jl , the Hamiltonian Hq becomes 



4" = 

to yield a path integral 

dq dqo {(hqaytp} T exp 



1 ^2 ^^^2 



k^ 



-A 



•18) 



t2 



: lim 

n— »oo 



n 

i=l 
1 



dtJ{t)A{t) + Jo{t)Ao{t)j \q,qo;ti) 

<ip{k)Aq{k)+ipo{k)Aqo{k) 
.k=l ^ 

p\k) + kS\k) +pI + ^qi] - e{J{k)q{k) + i Jo(fc)go(A:)) 



d^p{i) d'^q{i) 
(27r)2 



exp 



•19) 



where e = {tF — ti)/n and the limiting procedure, tp, —ti oo followed by t2, —ti — > 
oo should be expected. Eq. H8^19() is nothing but another path integral representation 
of the generating functional for unphysical components of the gauge field in the toy 
model. On performance of the same prescription as has been done in section |SJ we 
will obtain the same generating functional and the effective action again. Hence it 
reproduces Eq. (|5-2U|) through the same procedure. 

We can immediately extend the above construction to the field theoretical situ- 
ation to obtain a Euclidean path integral 



(0|Texp 



d^xJ^{x)A^'ix)}\0) 



jvA^ exp jd^x {{d^A^f + J{x) ■ A{x) + iJo{x)Aoix)} 



•20) 



where M = {Det(— 9^)}^ and summations over repeated indices are expected by 
assuming the Euclidean metric. This is the generalization to the result of Arisue et 
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al in Ref. 11) by the introduction of the source terms. If we put iJo = J4 and write 
Aq as ^44, our result coincides with Z[J^; oojcovariant given by Kashiwa and Sakamoto 
in Ref. 10). Then we may apply the "Euclidean Technique" to the above formula. 
There exist, however, another prescription to deal with this generating functional; 
We may leave iJo as it is and carry out the same calculation as has been done in the 
previous section to find 

W[J^.] = -\ jd^x I J^(x)-^ J(x) - Jo(x)-^Jo(x)| (8-21) 

and the effective action 

rE[A^] = \jd^^ {A^{x)dlA{x) - Ao{x)dlA^{x)] . (8-22) 

Then, by performing the inverse Wick rotation, we obtain the effective action for the 
gauge field in Minkowski space-time: 

r[A^] = Jd'x (9^^^(x))(a^^,(x)), (8-23) 

which is nothing but the classical action of the gauge field in the Feynman gauge. 
In this way we see that we need only to perform Wick rotation and its inverse to 
obtain a covariant result through a well-defined path integral although we meet a 
non-covariant action in the exponent of the path integral. 

Let us add some remarks on the path integral given above. First, we have not 
taken care about boundary conditions of the path integral excepting the periodic 
one for the time axis. In order to give a precise meaning to the above manipulation, 
we must define the theory in a box of finite volume then a boundary condition must 
be assigned for the spatial boundaries. In doing so we must also treat the infrared 
singularity in a proper manner because we are dealing with a massless field. These 
issues were beautifully resolved at once in Ref. 10) by Kashiwa and Sakamoto by 
means of 6-boundary prescription. Secondly, if we consider the Minkowski version 
of the Eq. (|8-2Uj) by inserting the vacuum wave-functionals, we will obtain again a 
non-covariant action in the exponent of the path integral because of the negative 
metric for ^o- Furthermore, the source term of Aq contributes JqAq while spatial 
components bring to us i J • A in the action of the path integral. Since the quadratic 
part of the action is treated as Fresnel integral for this case, we must regard Jq as 
pure imaginary for the convergence of the path integral. Then we may be possible 
to obtain the effective action above again. It should be stressed, however, that the 
Minkowski path integral thus obtained from the covariant canonical formalism does 
not possess the manifest covariance. We may replace zAq in the path integral by ^0 
to recover the covariant appearance. This is the meaning of the integration along 
an imaginary curve by Arisue et al for ^0 in R-sf. 11). The conventional path 
integral of gauge fields and the result of Ref. 10) for the Minkowski space-time 
also have manifest covariance and integrate Aq along real axis. To understand this 
disagreement let us recall that even for a negative definite Hamiltonian 

H = -\f - \f, (8-24) 
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there exist a unitary representation of e~** for a real t on the representation space 
of CCR [q,p] = i, that is a positive metric Hilbert space, though the Euchdean 
path integral for it = /3 > becomes ill-defined. Manifestly covariant path integrals 
for gauge fields in Minkowski space-time can be viewed as the one obtained in this 
way by use of positive metric Hilbert space even for the unphysical degrees. The 
Euclidean versions of these path integrals will be then obtained on substitutions: 

ix^ = x^ ^0 = iA4 (8-25) 

as path integrals of a field theory on the Euclidean space-time. It must be remem- 
bered, however, that a path integral obtained in this way does not have an immediate 
connection to the covariant canonical formalism. This prescription will be applied 
to the negative oscillator above to be seen as 

(8-26) 

On the other hand, the prescription yields the same Euclidean path integral as the 
one obtained through usual "Euclidean Technique" for a normal harmonic oscillator: 

jvQe'Sdt{iQ'-Q')m ^ J-j^Q^-Idr{{Q^+Q^)/2} ^ iv(e-(^^+Q^)/2). (8.27) 

This clearly explains why Kashiwa and Sakamoto could obtain covariant path inte- 
grals in the Minkowski space-time as well as the Euclidean formulas by treating both 
integrations with respect to Aq and A4 along the real axis. 



§9. Conclusion 



We have made a thorough investigation on a toy model which explains the struc- 
ture of Fock space of the quantized gauge field with a covariant gauge condition by 
means of BRS formalism. A prescription for defining coherent states both for FP 
ghosts and unphysical degrees of the gauge field has been developed to achieve a 
construction of path integrals for them by use of these coherent states. Coherent 
state path integral constructed in this way has a concrete relation to the canonical 
formulation of the theory. Hence we can always go and back between both formula- 
tions easily. This is in sharp contrast with the situation of conventional formulation 
of path integrals, that is formal functional integrations with classical action in the 
exponent of its integrand, for gauge theories. 

Although our considerations were restricted to an abelian gauge theory, our 
approach will hold even for non-abelian gauge fields as far as the zeroth order of 
perturbation or renormalized asymptotic fields are concerned. Therefore we may 
expect, at least formally, that there exist same structures of Fock spaces and BRS- 
quartcts will be formulated entirely in the same manner as for the abelian case if we 
express the Lagrangian of such systems in terms of renormalized asymptotic fields. 
Then it immediately follows that Kugo-Ojima projection expressed in terms of these 
asymptotic fields possesses the same form as the one constructed in this paper for 
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the abelian case, even though practical use of such a formula in terms of Heisenberg 
operators may be difficult. 

As for the practical use in perturbation theory, both our approach in this paper 
and the conventional functional method for construction of path integrals yield same 
results as far as for the zeroth order of perturbation, i.e. free fields. Since they 
share same generating functional and propagators for fundamental fields, they yield 
entirely same results for any perturbative calculations. In this sense they are equiv- 
alent. On this point, we should recall that a path integral is a definite integration 
and if two definite integrations share a same answer they are equivalent. Hence the 
existence of a changes of variables that brings our formulation to the conventional 
one will be expected. Nevertheless, when we need to extract some information on 
the state vectors, the advantage of our prescription is evident because it is built upon 
manifestly covariant canonical formalism. 

In addition to the formulation of path integral, we have found an interesting 
operator that yields BRS-inversion and also plays the key for obtaining an explicit 
expression of Kugo-Ojima projection in terms of field variables or creation annihi- 
lation operators. The operator Qu, that is conserved only in the Feynman gauge, 
together with the BRS charge Q b provides a nice understanding for BRS-quartet and 
their anticommutator is the essential part for the operator expression of Kugo-Ojima 
projection. The existence of such an operator and the solubility of the model will be 
a consequence of the topological nature of the quantized system because the genuine 
physical state in our model is the vacuum alone. From the view point of explicit 
construction, however, it was the viewpoint of quantization according to the decom- 
position of the gauge field into physical and unphysical degrees that made it easy to 
classify the state vectors in the Fock space as has been shown in section |H1 because 
otherwise we had never met an idea to make use of creation and annihilation oper- 
ators, B, T> and their conjugates. There will be no other approaches that exhibits 
in such a clear way the existence of almost complete analogy between unphysical 
degrees of the gauge field and FP ghosts. Hence we may conclude our prescription 
for quantization of these variables will be fundamental for understanding a BRS 
invariant system. In this regard, non-abelian generalization of such decomposition 
will be desired for non-perturbative analysis of non-abelian gauge theories in terms 
of Heisenberg operators. 

Although we have only dealt with the Feynman gauge, considerations on the 
discrepancy between the results reported in Ref. 10) and Ref. 11) were made to 
confirm that a path integral constructed from covariant canonical formalism does not 
appear to be manifestly covariant. Hence differs from the conventional manifestly 
covariant path integral. It seems that we should adopt the prescription given by 
Ref. 10) to preserve a clear relation to the operator formalism while having a mani- 
festly covariant expression at the same time. The significance may not be, however, 
always in the appearance of a path integral; The covariance can be restored from 
path integrals with non-covariant actions. We must recognize the importance of the 
role played by external sources in this regard as is emphasized by Kashiwa in the 
first of Ref. 10). 
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